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O . Abstract 

Motivated by Pan- Yang |PY] and Ma-Cheng [MCj . we study a general linear nonlocal cur- 
g_) I vature flow for convex closed plane curves and discuss the short time existence and asymptotic 

Q ' convergence behavior of the flow. 

Due to the linear structure of the flow, this partial differential equation problem can be re- 
solved using an ordinary differential equation method, together with the help of representation 
\ formula for solutions to a linear heat equation. 

q' 

-5 1 Introduction. 

Recently there has been some interest in the nonlocal flow of convex closed plane curved. See 
the papers by Gage [GM] . Jiang-Pan [JP], Pan- Yang [PY], Ma-Cheng |HC], Ma-Zhu [HZ] and 
Lin-Tsai |LT1] . All of the above papers deal with the evolution of a given convej|§ simple closed 
plane curve 79. The general form of the equation is given by 



> 



dX 



(N 



which is a parabolic initial value problem. Here Xq : 5^ —t- 70 is a smooth parametrization of 
7o; k {if, t) is the curvature of the evolving curve 7^ = 7 (-, t) (parametrized by X (yj, t)) at the point 
' ^'^'^ inward normal of the curve 7^ at time t. As for the speed, F {k) is a given 

^ I function of curvature satisfying the parabolic condition F' {z) > for all z in its domain (usually 
(0,00)) and A (t) is a function of time, which may depend on certain global quantities of 7^, say 
its length L (t) or enclosed area A (t) , or others (see (jlj) and ([5]) below). In such a case the flow 
has nonlocal character. Note that if A (t) depends on 7^, then it is not known beforehand. We only 
know A (0) . 

For A;-type nonlocal flow, the following 

27r 

F (k) — \(t) = k — (area-preserving, gradient flow of the IPD — An A) (2) 
L {t) 

(IPD means isoperimetric deficit) and 

L (t) L"^ 

F{k)-X{t) = k- — Vr (gradient flow of the IPR — — ) (3) 

2A [t) 4:71 A 



* Mathematics Subject Classification: 35K05, 35K15. 

-'^ There are already a lot of nonlocal curvature flow of hypersurfaces, especially those related to the so-called mean 
curvature flow. We will not mention them here. 

^Here "convex" always means "strictly convex". A convex closed plane curve has positive curvature everywhere. 
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(IPR means isoperimetric ratio) and 



1 rm 

F (k) — \ {t) = k / k'^ds (length-preserving) (4) 

27r Jo 

have been studied by Gage |GAlj . Jiang-Pan |JP] . and Ma-Zhu |MZ] respectively. 

On the other hand, for 1/fc-type nonlocal flow (here the initial curve 70 must be convex, otherwise 
/c = somewhere), the following 

1 r^^*^ 1 1 

F [k) — \ (t) = Yjlj^ J '^^^ ~ (area-preserving) (5) 

and 



and 



F (k) — X (t) = — — — — (length-preserving, dual flow of Gage) (6) 
27r k 

2A (f) 1 

F{k)-\ (t) = — y - - (dual flow of Jiang-Pan) (7) 

have been studied by Ma-Cheng |MCj . Pan- Yang [PYj . and Lin-Tsai |LTlj respectively. The good 
thing about these 1 / fc-type flows is that they produce a linear equation for the radius of curvature 
1/k, hence it is easier to deal with it. See the discussions below. 

When the initial cure 70 is convex, the results claimed in each of the above mentioned papers 
are roughly more or less the same: the flow preserve the convexity of a given initial curve 70 and 
evolve it (if no singularity forming in finite time) to a round circle in C°° sense as t — )■ 00. However, 
unfortunately, the C°° convergence proof in most of the above papers are usually omitted due to 
its cumbersome details. 

We know that (see Gage |GA1] ) for a family of time-dependent smooth simple closed curves 
X(v?,t) : X [0,T) R2 with time variation 

dX 

— (^,^) = ^y(^,t)GM^ (8) 

its length L {t) and enclosed area A (t) evolve according to the following: 

^ (t) = - {W, fcN,„) ds, '^{t) = - {W, N,„) ds, (9) 

where s is the arc length parameter of the curve X ((p,t) . As for the curvature k (v?,t), following 
computations similar to those in Gage-Hamilton |GHj . we can obtain the equation 

dk , Id'^W _ \ _2k[^^ 



a(»'.*) = ^i;r.N.„;-2*^^.T> (10) 



where T = T (y9, t) is the unit tangent vector of X {(f, t) . 



2 A general linear nonlocal curvature flow; short time ex- 
istence of a solution. 

Regarding the short time existence of a solution to the nonlocal flow ([1]), for k-tjpe nonlocal flow 
in on]) or (jl]), one can use the same method as in Section 2 of Gage-Hamilton |GHj to show that 
for any smooth convex closed curve (or simple closed curve) 70, the flows in (E]), (H]) all have 
a smooth solution defined on 5*^ x [0,T) for short time T > 0. If 70 is convex, by continuity the 
convexity is also preserved for short time. 
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Let H (p, q) : (0, oo) x (0, oo) — )■ M be a given (but can be arbitrary) smooth function of two 
variables. The goal of this paper is to first use an ODE method to explain that for a general 1 / fc-type 
nonlocal flow of the form (with 70 convex, parametrized by Xq) 

f (,.0=(ff(iW.^W)-^)N.„(,.<) ^^^^ 

it has a smooth convex solution for short time [0,T). After that, using the linear structure of 
1/k (or the support function u) together with the help of the representation formula for a linear 
heat equation, we can solve 1/k (or the support function u) explicitly and give a precise description 
of the evolving curve jt and then discuss its possible convergence behavior. 

If (fTTj) has a convex solution defined on x [0, T) for some T > 0, then using normal (or tangent) 
angle ^ G S"^ of the curve as parameter (as done in Gage-Hamilton |GH] and many others), the 
curvature evolution equation (fTOj) becomes 

dk , Id'^W _ \ , IdW \ IdW _ \ dk 



at \ os^ I \ OS / \ OS / oO 

= ^'(^'i)f-T7^1 +k'{9,t)(H{L{t),A{t))-——] (12) 



where we have used W = {H (L, A) — 1/k) Nj„ and the relation d/ ds = kd/ dO in (IT^ . The attractive 
feature now is that the radius of curvature 1/k satisfies a linear equation on 5*^ x [0,T) 



d 



dtk{e,t) \k{e,t)jgg k{e,t) 

By (fT3|l , the evolution of L (t) is given by 



H (Lit), Ait)). (13) 



dL r'^^ 1 

— it) = Lit)-2nHiLit),Ait)), where L (t) = ^^^^ 



(which is not self-contained because of the term A (t)) and then 

df 1 Lit)\_f 1 Lit)\ ^ / 1 Ljty ^^^^ 



dt\k{e,t) 27V J \k{e,t) 2tt J \k{e,t) 27r 

where the term H (L (t) ,A{t)) has disappeared ! Thus the quantity V {9, t) = [1/k {6, t) — L {t) /2tt] e~ 
satisfies a linear heat equation Vt{e,t) = Vee{0,t)on x [0,T) with V (6,0) = 1/k (9,0) - 
L (0) /27r. By the representation formula for solution to a heat equation, the curvature k {9, t) satisfies 
the simple-looking integral equation: 

1 1 1 ,9 = e'r^e-^(^-±r^rf.V5. (16) 



*(»,«) 27tJ„ k{e,t) J-^2VTt V*(f.O) 2iri„ k{a,0) 

where the right hand side of the above is known. Note also that the function l/k{9,t) — L (t) /27r 
is, if not identically equal to 0, somewhere positive and somewhere negative since its integral over 
is zero. 

Unfortunately, f lT6|) is not enough for us to solve k{9,t) uniquely (if l/k{9,t) satisfies (IT6|) . so 
does 1/k {9, t) plus any function of time). This is not surprising because we have not used any infor- 
mation given by the nonlocal term H (L, A) so far. Moreover, even if we find one k [9, t) satisfying 
(flGjl . we do not know whether it satisfies the evolution equation (fT3l) or not. To overcome this, we 
need to explore other geometric quantities. 
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The support function u {6, t) of a convex closed curve 7^ is, by definition, given by 

= (X(^,t), (cos^,sin^)), eeS^ (17) 

where X {6, t) is the position vector of the unique point on 7^ with outward normal No^^ equal to 
(cos 9, sin 9) . Using u {9, t) , one can express L(t) , A (t) and curvature k {9, t) of jt as (see the book 
by Schneider [S] for details) 

k (9, t) = 7—-^ 7—- (18) 

^ ' ' uge{9,t)+u{9,t) ^ ' 

and 

2iT ^ r2TT 



L{t)= u{9,t)d9, A{t) = - u{9,t){uee{9,t) +u{9,t))d9. (19) 
Jo 2 Jq 

Under the nonlocal flow ffTTl) . the evolution of u {9,t) on x [0,T) is 
— {9, t) = uee {9, t)+u {9, t) - H {L (t) , A (t)) 

27r ^ r2iT 



Uee (9, t)+u{9,t)-H[ I u {9, t) d9, - j u (9, t) {uee (9, t) + u {9, t)) d9 ] . (20) 



Again, we have 



dt \ 2n J \ 2ti } aa \ Stt 

and similar to ffT6l) we conclude 



u{9,t)-^ = r -^e-^ (u 0) - ^ /'^ u (a, 0) da] d^, (22) 

where the the right hand side of is known. 

Denote the right hand side of f l22|) as B {9,t). By fl22|) and f fT9|) . we can express the equation 
dS]) for L (t) as 

^ (t) = L it) - 2nH (^L (t) , 1 (^5 (^^, t) + (^i?,, (^^, t) + B {9, t) + d9 

= L{t)- 2nH (^L (t) , + D{t)L (t) + E (t)^ , (23) 

where 

I /'27r 2 /'27r 

D{t):=— B (9, t) d9, E{t):=- B (9, t) (Bee (9, t) + B (9, t)) d9 (24) 
2vr Jo 2 Jq 

are both known functions of time, depending only on the initial data. One can simplify D (t) and 
E (t) further. Note that 

e* p / ,^ ^ ^, i^(0)\,. e* p ,^ ^ , ,^ L(0) , 



and so 



D{t) = ^ r B{9,t)d9 = ^ ^ r ( r (u{9-^,0)-^^]d9]d^ = 0. (25) 



271" Jo 27r 2\^ J -00 \Jo \ 27r 

With (EH]), we flnd that 



E{t) = ^J^ B {9, t) {Bee {9, t) + B {9, t)) d9 = {L^ (t) - An A (t)) < 0. (26) 



Also by 



Bee {e, t) + B {6, t) = —= / e" « {uee (0 - 0) + n (^^ - ^, 0)) - -^e* (27) 



we get 



1 



27r 



X e-lr (^^ _ 0) + « - 0)] rfe^ 



where 



yk fz (» - f , 0) + « (9 - f , 0)1 df ^ 



and 



Thus the ODE ([23]) becomes 



'^^U^^ru^ .^r^fru. (t) , ^ (0) 



-(t)^L(t)-2.i.^L(t),^ + E,(t)-^e 
L (0) = length of 70, H {p, q) : (0, 00) x (0, 00) -> M. 



(28) 



The ODE fl28|) for L (t) is now self-contained and by standard ODE theory we can conclude 
the following immediately: 

Lemma 1 For the ODE in ^2Ej with initial condition L (0) > 0, there is a unique solution L (t) defined 
on interval [0, T*) for some T^, > 0. 

Now if we want to solve the initial value problem ( II ip . we can go in the reverse direction and 
first use the ODE fl28|) to obtain L (t) on [0,T*). Then we use (|22|) to obtain the support function 
u {9, t) . As long as the inequality < ueg {9, t) +u {9, t) < cxd is satisfied, we can use it to construct 
a convex closed smooth curve 'jt- Finally we claim that this family of curves jt is indeed a solution 
to the nonlocal curvature flow f lTT]) by checking that its radius of curvature or support function 
u satisfies the right equation. 

Let 

u(9,t):=B{9,t) + ^ 

. n^.. , L{t) L(0) , 



r e-^u{9-^,0)d^+^-^e\ {9,t) e S' x [0,^) (29) 



2v^ J 

where L {t) is from the solution in ODE fl25]) with initial condition L (0) = L (70) and u (■, 0) is the 
support function of 79. The above u {9, t) satisfies u {9, 0) = m (6*, 0) for all 9 and 

Uee i9,t) + u{9,t) 

_^^P_4!,^ ^nN,...z. ^n^^^^,L(t) L(0) 

with 



e-'i {uee {9-^,Q) + u{9- ^ 0)) + ^ - (30) 



ue0{9,O)+u{9,O) = uee{9,O)+u{9,O)>O for all 9 e S\ 
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As is compact and u {0,t) is continuous on 5*^ x [0,T*), by choosing T^, smaller if necessary, we 
have 

uee{B,t)+u{e,t)>Q for all t) G 5^ x [0, T,). (31) 

Note that we always have uqq {6, t) + u {6, t) < oo as long as time is finite. Therefore for each time 
t e [0, T^,) there exists a smooth convex closed curve jt with support function equal to the above 
u{9,t) (see Schneider [S] or Lemma 2 in |LT3j ). In fact, the position vector P{9,t) G of is 
given by 

P {6, t)=u {6, t) (cos 9, sin 9) + ue {9, t) (- sin 9, cos 9) , u{9,t) = B {9, t) + ^ 



27r 



e* iT^e" « [n (^ - ^, 0) (cos 9, sin ^) + Uei9- ^, 0) (- sin 9, cos e)] rf^ 



+ (^-^)(cos^,sin( 



By (12^ . the length Z (t) of 7^ is given by 

f27r /•27r 



L{t) = u {9, t)d9 = (^B {9, t) + c/^ = L (t) for all t G [0, T,) 



due to fl25|) . Also by fl24l) the enclosed area A (t) of 7^ is given by 



1 



2lT 



1 (5 (^, t) + (5,, (0, t) + 5 (^, t) + d9 

+ E, (t) - :^e2* for all t G [0, T,). 



47r 47r 
Now the support function of 7t has the evolution 



^ (^, = I (i? {0, t) + = Bee {9, t) + B {9,t) + ^ - H (^L (t) , A (t) 

= uee (9, t)+u (9, t) - H (l (t) , A (t)) . 



Finally the curvature k [9, t) > of 7^ is given by 

1 



A;(^,t) 

and its evolution is 

d 1 fdB\ fdB\ L{t) 



(32) 



uee{9,t) + u{9,t) (33) 



= fr7^) + rT^-^f^^^)'^^'^))' (^,^) e x [o,r,) (34) 

\k{9,t)Jgg k{9,t) V / 



which has the right form and is same as the original f[T3|) . 

Now we can follow the same argument as in the proof of Theorem 4.1.4 (it says that the flow 
equation is equivalent to the curvature equation) of Gage-Hamilton |GHj to conclude that the 
nonlocal flow (fTT]) has a solution for short time, deflned on x [0,T*) for some small T^, > 0. 

We summarize the following: 
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Theorem 2 (short time existence) For any smooth function H {p,q) : (0, oo) x (0, oo) — )■ R, 

the nonlocal flow [Jl]) has a smooth convex solution defined on x [0,T^,) for some time > 
0. Moreover, during this time interval [0,T^), the parametrization of 'jt using its outward normal 
angle 9 is given by 

e* /~ ^^e-^ [u {9 - 0) (cos 9, sin 9) + ue {9 - ^, 0) (- sin 9, cos 9)] 
P{9,t)={ ^ , (35) 

+ {^-^) (cos 9, sin 9). 

To end this section we point out that under the flow (fTTj) the isoperimetric deflcit (t) —AttA (t) 
is always decreasing. If we compute 

|(L^(t)-4vrA(t)) 

= 2L (t) {L {t) - 2nH {L {t) , A {t))) - 47r ( / \ds - H {L {t) , A {t)) L {t) 



2L^ {t) -A-K I \ds 



It ^ 



we see that there is no H {L (t) ,A{t)) term in the time derivative. Now by Green-Osher's inequahty 
(also see Pan- Yang |PYj ) 

Ids > m^^im (36) 

the above becomes 

^ (L^ it) - At: A it)) < 2L^ (t) - 4 (L^ (t) - 2ttA (t)) = -2 (L^ (t) - An A (t)) < 0. 

Hence 

< (t) - 47rA (t) < {L^ (0) - An A (0)) e"'* (37) 

as long as the solution exists. 

On the other hand if we compute the time derivative of the isoperimetric ratio, we get 

d L\t) 



dt An A (t) 

An A (t) (2L2 (t) - AnL (t) H (L (t) , A (t))) - (t) An (/^^ ^ds -H{L{t),A (t)) L (t) 
^ {^^A{t)f 
and by the reflned Green-Osher's inequality (see Lin-Tsai |LT1] ) 

f \ds>- {L^ (t) - An A (t)) + 2A (t) (38) 

we obtain 

^ r.'^(i\ rm _ _ _ r 9 l 

(39) 



d (t) L{t) . , . 



H{L {t),A{t))--L{t) 
n 



One can see that the three flows in ([5]), (E]) and ^ are all isoperimetric ratio decreasing. The 
isoperimetric ratio is also decreasing as long as is a negative function. See Remark [6] also. 
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Remark 3 According to a private communication with S.-L. Pan, he also obtained the same refined 
Green-Osher's inequality recently. Note that l[38\) is an improvement of by (L^ — AttA) /vr > 
0. Unlike the situation in most of the isoperimetric inequalities where the equality cases occur only 
at circles, the equality case of occurs if and only if the convex closed curve has support function 
u {9) given by 

u (6) = ao + ai cos 6* + 6i sin 6* + 02 cos 29 + 62 sin 29, 9 e [0, 2tt] (40) 
for some constants Oq, cti, &i, a2, 62 satisfying 

uee (9) +u{9) =ao- 802 cos 29 - 862 sin 29 > for all 9 e [0, 27r] . (41) 
See Lin- Tsai ILTl^ for details. 



3 Convergence of the flow (1111). 

Assume that the solution L (t) of the ODE (!28|) is defined on time interval [0, oo). Then the function 

u{9,t) :=Bi9,t) + ^ 

is defined on x [0, oo) and satisfies equation (!20|) everywhere. This u {9,t) clearly satisfies 

ueei9,t) + u{9,t) < oo for all {9,t) e x [0, oo), (42) 

which implies that 

^ ^) = (ft ,\\ (fl A > t)^S'x [0, oo). (48) 

Uee t) +u [U, t) 

We also know that 

uee{9,t) +u{9,t) > for all {9,t) e x [0,n) (44) 

for some short time T*. However, we can not exclude the possibility that uge {9q, to) +w (6*0, to) = at 
some (6'o,to) G 5*^ x [0, oo). If this happens, then at time to we can not use u {9, to) to construct a 
smooth convex closed curve 'jto - In particular, this means that the fiow ( fTTi) may develop a singularity 
at time to with k {9q, to) = oo for some 9q. Note that 

Uee {9,t)+u{9,t) 
= Bee {9,t) + B{9,t) + ^ 

-^J e-^ \uee{9-^,0)+u{9-^,0)- — u{a,0)dajd^+^ (45) 



2Vvrt 

and, unless 70 is a circle, the function uee (9 — ^,0) + u {9 — ^,0) — J^^ u {a, 0) da is somewhere 
positive and somewhere negative, making it difficult to exclude the possibihty. 
We conclude the following: 

Theorem 4 Let H {p, q) : (0, 00) x (0, 00) M. be a smooth function and let 70 be a smooth convex 
closed curve. Assume that the ODE for L{t) is defined on [0,oo). Then the nonlocal flow 
( f77]j either develops a singularity (with k = 00 somewhere) in finite time or the flow is defined on 
X [0, 00), with each 7^ remaining smooth and convex, and its support function u {9, t) satisfies the 
following C°° convergence on : 

hm (u{9,t)-^ 

^ u{9,0)cos9d9^cos9+ (^^ u (9,0) sm9d9^ sm9, W 9 e S\ (46) 



8 



Remark 5 In the above theorem, the length L (t) may go to infinity or approach a positive constant 
or tend to zero as t oo. The same for the area A (t) due to [3l\ ). The geometric meaning of the 
above theorem is that 74 converges to a circle Ct with length L (t) centered at the point 



P=(^j^ u{9,0)cos9d9, ^ u {9,0) sin 9d9^ eR^. (47) 

Remark 6 If H {p, q) : (0, 00) x (0, 00) — > (—00, 0) is a negative function, then the ODE ^ 
implies that L{t) > L (0) e* for all t G [0, 00). Now 

uee {9,t)+u{9,t) 



e-4F (ueei9-^,0) + ui9-^,0))d^+ l^-^e' >0 



due to Uee (9, 0)+u {9, 0) > everywhere. Hence it is impossible for the flow to develop a singularity 
in finite time. 

Proof. The proof is now straightforward. The convexity of 7t is due to (143|1 . For the convergence, 
the equation for u {9, t) — L (t) /2tt is hnear with 

>'2tt 



Using Fourier series expansion for u {9,t) — L (t) /2tt, the convergence result follows from standard 
theory. □ 

For the ODE (!28l) . it is also possible that L (t) is defined only on a finite time interval [0,Tjnax) 
with either hmf_^j;^^^ L{t) = 00 or lim^^j;^^^^ L (t) = 0. In the first case, we note that 



u(0,t) 



271 



<Ce' for all tG[0,T^ax), (4J 



where C > is a constant depending only on the initial curve. Hence u {9,t) — > 00 uniformly on 
ast ^ Tmax- By 

\0,t)=r-Z] {9,t)+r-Z]{9,t), / '^{9,t)d9 = (49) 



dt \d9"' / V^^" J ee V^^" y v w , qq 

and using Fourier series expansion (or by the result in Chow-Gulliver |CG] ) we know that for 
each m G N, \{d'^u/ 89^) {9, t)\ is uniformly bounded on x [0, Tmax)- Hence if we rescale the curve 
7t by considering % = '^'^It/ L (t) , its support function u (6*, t) will satisfy u {9, t) — )■ 1 in C°° (S^) as t — )■ 
T 

max- 

We conclude the following: 

Theorem 7 // the ODE (d^) for L (t) is defined on [0, T^ax) with T.^a_^ < 00 and limt^Xn^^^ L (t) = 
00. Then the nonlocal flow 07]) either develops a singularity before T^ax or the flow is defined on 
X [0,Tmax)5 with each •jt remaining smooth and convex, and the support function u{9,t) of the 
rescaled curve % = 2n'yt/L (t) satisfies u {9,t) 1 in C°°{S^) as t T^a.x- 

For the case limt_s.Tmax L (t) = 0, by (fT6|) we have 

L{t) ^.^ . t r I f I 1 f^^ 1 



Z{9,t) + ^^, Z{9,t) = e' — I ^ - — / , . ^. da]d^ 



k{9,t) 27r ' J-oo2V^ \k{^,0) 2Ti /c (a, 0) 

where the function Z {9, t) is somewhere positive and somewhere negative (unless 70 is a circle) for 
each t G [0, 00) due to J^^ Z [9, t) d9 = 0. Therefore before time T^ax we must have k = 00 somewhere. 
Hence we conclude: 
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Theorem 8 If the ODE forL (t) is defined on [0, Tmax) with Tmax < oo andlimt^Tn^^,, L (t) = 0. 
Then if 70 is not a circle, the nonlocal flow / flT]) must develop a singularity before time Tmax with 
k = 00 somewhere. 

If the ODE (!28ll for L (t) is defined only on a maximal domain [0,Tinax) with T^ax < 00, then 
(L (t) , A (t)) must approach the boundary of the domain (0, 00) x (0, 00) of H {p, q) . If Wmt^T^^^ L (t) - 
00 (or 0), then the same for limt^T^^,, A. it) due to fl37|) and the isoperimetric inequality. There re- 
mains the last case that limf-s.T'n,^^ T (t) = £ G (0, 00) but limf_>.T'^^^ A it) = 0. In such a case, by 
Gage's inequality for convex closed curves 

, 2 , ttL (t) ^ 
k ds > . , , )■ 00 as t — )■ Tmax 



7t 



A{t) 

we must have limj_j.r^^^ fcmax (t) = c>o. We conclude: 

Theorem 9 Assume the ODE / f^) /or T (t) zs defined on [0, Tmax) 'W^^i/i Tmax < 00 and limt_j.T^^^^ L (t) 
£ e (0, 00) . //limt^T^^^ A {t) = 0, then we must have limt^r^^^ /^max (t) = 00. 

4 Conclusion. 

We can allow the nonlocal term H [L [t) ,A{t)) to be more general. For example in Ma-Cheng 
|MC] . they considered an interesting nonlocal flow of the form 

which is an area-preserving flow. For this flow the support function u {6, t) and the length L (t) still 
satisfies the same equation ( |2T1) . and so u {9, t) = L (t) /2r[ + B {9, t) , where B {9, t) is given by ( |22ll . 
The ODE for L (t) in this case is 

= L(t)^^J^' {Bee{e,t) + B(e,t) + ^J de. (51) 

Again fl5T]) is a self-contained ODE and has short time existence. Thus Ma-Cheng's flow has solution 
for short time. In view of this, we see that the nonlocal flow f|TT]) has short time existence as long as 
the quantities in the nonlocal term H can be expressed in terms of the support function u {9, t) . Since 
the position vector of a convex closed curve jt is uniquely determined by its support function via the 
formula (132|) . we can conclude that essentially any 1/fc-type nonlocal flow has short time existence 
and can be dealt with by the above ODE method. 
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